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Abstract 

Virtually  all  analyses  of  the  superconductor- 
insulator-superconductor (SIS) quasiparticle  mixer  have 
employed  the  quantum  theory of  mixing in its 
three-frequency  approximate  form. This approximation 
is valid  only  in  the  limit of very  large  junction 
capacitance.  For  finite  capacitance,  these  analyses 
may  he  seriously in error. To remedy  this,  a  computer 
program  has  been  developed which uses  the  quantum 
theory of  mixing  in  its  most  general  form,  treating  the 
large-signal  properties  of  the  mixer in the  time 
domain. The terminating  impedances at  the  harmonics  of 
the  local  oscillator  frequency  and  their  sidebands  can 
be  arbitrary.  Using  this  analysis,  the  effect  of 
finite  junction  capacitance on one SIS mixer's 
performance  is  described. This gives an insight  into 
the range of  validity  of  the  three-frequency  model. 

Introduction 

The superconductor-insulator-superconductor (SLS) 
quasiparticle  mixer  is  now  competitive with 
conventional  Schottky  mixers  for  very  low noise 
millimeter-wave  receivers. SIS receivers  are  currently 
in routine  use at  at  least  four  radio  astronomy 
observatories. 

has been  made  possible by the  application of the 
The rapid  improvement  in S I S  mixer  performance 

quantum  theory of mixing,  developed by  J.R. Tucker. 1 ,2 
In almost  every  case,  this  theory  has  been  used in the 
three-frequency  approximation,  the  sole  exception  being 
the  five-frequency  analysis  described in Ref.  3. In 
the  three-frequency  approximation,  the  crucial 
assumption  is  that  the  local  oscillator (LO) voltage  is 
perfectly  sinusoidal, or equivalently,  that  every 
harmonic of the LO frequency, up, is  short-circuited. 
With this  assumption,  the  general  equations  of  the 
quantum  theory of  mixing' can be  cast  into  a  relatively 
simple form for  either  analytical  or  numerical  analysis 
of  .an  experimental  mixer. 

The sinusoidal LO assumption  would  appear to  be 
justified  for  those  cases in which the  impedance of  the 
mixer  circuit  is  dominated  by  the  geometrical 
capacitance  CJ of  the S I S  junction;  many SIS mixers 
have  employed  junctions  which  have  a  susceptance w C 
which  is  from  2  to 10 times  as  large  as  thelr 
normal-state  conductance ~/RN. This is  indeed  the  case 
for  one  mixer  using  a  14-junction  array  with w R  C - 
10,  which  showed  quite  precise  agreement withN :he 
quantum  theory  predictions  in  the  three-frequency 
approximation.  Nevertheless,  there  is  considerable 
evidence,  presented in Ref. 5, that  the  three-frequency 
approximation  is  not  always  valid  for  junctions with an 
upRNCJ  product  below  perhaps 4, in  the  sense  that 
harmonic  conversion  effects  appear  seriously to degrade 
the mixer's  performance.  For  the  case  of  mixers  with 
upRNCJ < 1  the  three-frequency  approximation  should 
certainly  not be  valid,  although,  for  lack  of  an 
alternative it has  been  used to analyze  these  mixers 
as  Note,  however,  that  Phillips  and  Dolan,8 
whose junction  capacitance,  though  not  stated,  is 
presumably  small,  found  their  experiments  in  good 
agreement  with  the  quantum  theory in the 
three-frequency  approximation. A theoretical  review of 
published  experimental  data on SIS mixers  is  reported 
in Ref. 9. 
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A  general  method  of  numerical  analysis  for SIS 
mixers,  which  allows  arbitrary  terminating  impedances 
for all  the  harmonic  frequencies,  is  presented in 'chis 
paper. This analysis makes it  possible  to  examine  the 
range of  validity  of  the  three-frequency  results  of  the 
quantum  mixer theory.  It also  serves  as  a  general  tool 
for  exploring  the  behavior of SIS mixers  with  small 
capacitances  for  which  the  quasiparticle  nonlinearity 
should  render  the  junction  voltage  distinctly 
nonsinusoidal. 

This project  is  of  immediate  practical 
importance.  A  large  parasitic  capacitance will 
certainly  have  deleterious  effects on the  performance 
of any  mixer, unless it  can  be  tuned  out  at  the  signal 
frequency.  Such  tuning  is  difficult  for  a  large 
capacitance (i.e. upR~E: - 10) at  millimeter 
wavelengths.  Therefore,  is  desirable  to  design  an 
SIS mixer with as small  a  capacitance  as  possible, 
consistent  with  superior  mixer  performance. 

Discussion of Methods 

The  solution of  the  general  equations  of  the 
quantum  mixer  theory in the  sinusoidal LO approximation 
is  and  is  routinely  done in the 
frequency domain. When the  LO  harmonics  are  not 
shorted,  however,  it  becomes  necessary to use an 
iterative  procedure  until  a  self-consistent  solution  is 
obtained  for  the  periodic  large-signal  LO  voltage 
waveform  across  the  junction.  Once  the LO waveform  has 
been  determined,  computation of  the small  signal 
properties  of  the  mixer  at  the  signal,  image,  IF,  and 
harmonic  sideband  frequencies is, a  relatively  simple 
generalization of  the  three-frequency  solution. 

For  the  general  solution  to  the  large  signal 
problem, it  is  convenient  to  formulate  the  equations  of 
the  quantum  mixer  theory in the  time  domain. This has 
been  done  for an SIS  junction by Tucker, Ref. 10, 
Appendix C. The  inputs to  this  set  of  equations  are 
the  measured  dc  I-V  characteristic  of  the  junction 
Idc(V) and  the  voltage  waveform  impressed  across  the 
junction, V(t). The output  from  these  nonlinear 
equations  is  the  current  waveform, INL(t). 

The first  and  most  difficult  step  in  analyzing  an 
S I S .  mixer  is  the  determination of the  periodic LO 
voltage  waveform  across  the  junction. The solution 
must  be  consistent  with  the  arbitrary  terminating 
impedances  seen by the  junction  at  all  the LO 
harmonics.  To  solve  this  problem,  this  paper  will  rely 
upon  the  methods  developed  for  the  general  analysis of 
classical  Schottky-barrier  diode mixers. 

analysing a  Schottky diode mixer in  which  the  LO 
Two techniques have been found  useful in 

waveform  at  the  diode  contains  many  harmonics.  Kerrll 
developed  the  multiple  reflection  technique,  in  which  a 
hypothetical  transmission  line  of  arbitrary 
characteristic  impedance, ZO, is  introduced  between  the 
nonlinear  element  and  the  linear  embedding  circuit. 
This method  has  been  found  to  converge in all  cases 
tested;  the  rate of convergence  depends on the 
proximity  of  the  embedding  impedances  at  each LO 
harmonic to 20.l~ There is no dependence  upon  the 
estimate  of  the  initial  conditions. The other 
technique,  developed by Hicks  and Khan,12*13 consists 
of  two  dual  methods,  the  voltage  update  and  the  current 
update  methods. This has  also  converged  in  all  cases 
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tes ted ,  and t h e   r a t e  of convergence  depends upon the  
proximity of the embedding impedances at  each LO 
harmonic t o   e i t h e r   s h o r t   c i r c u i t s   o r  open c i r c u i t s .  

The essent ia l   e lements  of both  the  voltage  update 
method and the   mul t ip le   re f lec t ion  method have  been 
adapted  to   the  general   analysis  of SIS  mixers,  as 
presented  in  this  paper.  The voltage  update method is  
pre€erred,   especial ly   for   junct ions  with w R C > 0.5. 
This is because  the  junction  capacitancg,N  ihich is 
t rea ted   as   par t  of the  SIS  external  circuitry,   provides 
an embedding impedance, which for  higher  harmonics, 
approaches a sho r t   c i r cu i t .  Moreover, the  use of thE 
voltage  update method permits  the  nonlinear S I S  
equations  to be solved  in  a simpler form. This is the  
voltage-input,  current-output mode which is  obtained 
d i r e c t l y  from the  equations of Ref. 10.  The mult iple  
ref lect ion  technique and the  current  update method 
r equ i r e   t ha t   t he  S I S  nonlinear  equations be solved on a 
current-input,  voltage-output  basis, which adds an 
ex t ra   i t e ra t ive   loop   to   the   p rocess .  Thus, the  voltage 
update method has  been  used  here  since i t  usual ly  
r e s u l t s   i n  an order  of magnitude  decrease  in CPU time 
over  that   required by the   mul t ip le   re f lec t ion  
technique. (However, i n   ca ses   fo r  which w R C i s  less 
than  about 0.5, t h e   l a t t e r  method is o f t en   ea s i e r   t o  
use and fo r   t h i s   r ea son  is  included in the  program 
descr ibed  in  Ref.  14). 

P N J  

Analysis 

The equ iva len t   c i r cu i t   u sed   i n   t h i s   ana lys i s  i s  
shown i n  Fig. 1. The following  input  data  are 
required:  (1)  the embedding impedances a t   t h e  LO 
fundamental, i t s  harmonics and the  sideband 
frequencies ,  ( 2 )  t h e  SIS tunnel  junction  capacitance 
and  measured  dc I-V curve, and (3) the  magnitudes of 
the  d c  and LO sources  providing power t o   t h e   c i r c u i t .  
Using the   i t e ra t ive   a lgor i thm  descr ibed  below, the  
pumped voltage and current  waveforms at the  junct ion 
a r e  determined. A linear  small-signal  conversion 
matrix i s  then  derived  from  the pumped waveform. This 
gives  the  conversion  efficiency,  the  signal  input 
impedance and the  I F  output impedance. F ina l ly ,   the  
shot  and thermal  noise  sources  are  introduced and the 
same l i n e a r  small s igna l   ana lys i s  is  used to  determine 
t h e  mixer  noise  temperature. 

Large  Signal  Analysis 

For   the  large  s ignal   analysis   using  the  vol tage 
update method, t h e   c i r c u i t  of Fig. 1 is bisected at  the 
l i nea r -non l inea r   i n t e r f ace  and each  half i s  t rea ted  
separately.   The,nonl inear   port ion of t he   c i r cu i t  is 
t r e a t e d   i n   t h e  time domain while  the embedding network, 
which i s  taken  to  include  the  geometrical   capacitance 
of the  junct ion,  i s  t rea ted   in   the   f requency  domain. 

I I s i s  
h- LINEAR NETWORK -d JUNCTION 

The time domain equations  for  the  nonlinear 
quasipar t ic le   current   through an SIS junct ion  are   given 
by Tucker lo: 

where Idc (V) i s  the  measured  dc I -V  c h a r a c t e r i s t i c  of 
the  junct ion;  R N  i s  the normal res i s tance  of the 
junction;  V(t)  i s  the  instantaneous  voltage  across  the 
junct ion;  and I N L ( t )  is the  instantaneous  quasipar t ic le  
tunneling  current.  

These  time domain equations have recent ly  been 
used to   i nves t iga t e   t he   poss ib i l i t y  of chaot ic  
phenomena i n  SIS mixers.15 

The frequency domain equat ions   for   the   l inear  embedding 
network are found  from ( re fer r ing   to   F ig .   1 ) :  

vO - vdc 
,LIN 

= 

where Vn and In are   the  ampli tudes of the  Fourier 
components  of V(t) and ILIN(t)   a t   f requency mP, vLo 
and vdc are  the  amplitudes of the  Thevenin  equivalent 
LO and dc  voltage  sources, and Ze(nw ) is  the impedance 
of the  equivalent   external  embe8ding c i r c u i t   a t  
frequency  nup, and Zc(nw ) = -i/nw C 

L I N  

P P J' 

as follows: 

( i )   Es t imate   the   l a rge   s igna l   vo l tage  waveform across  
the  nonlinear  tunnel  junction,  V(t);  

( i i )  Using Eqs.( l )  - ( 4 ) ,  determine  the  current  INL(t)  
through  the  nonlinear  element  produced by the  
vol tage  V(t) ;  

The iterative  voltage  update  algorithm12  proceeds 

( i i i )   K i rchhof f ' s   cu r ren t  law  gives  ILIN(t)  = -INL(t); 

( i v )  Using a fast   Fourier  transform,  obtain IkIN, n=O, 

(v)  Using Eqs.  (5) - (7), obtain  the V,, n = 0, 1, 
1, 2,.. . from I L I N ( ~ ) ;  

Z,... consistent  with  these I$IN ; 

( v i )  U ing an inverse  fas t   Fourier   t ransform,   obtain 
v 8 ( t )   f r o ?   t h i s   s e t  of V,; 

(Vi i )  Compare v ( t  ) and V(t ). If   they  are  "equal",   the 
i t e r a t i o n  is  complete.  If  not, se t  the  new V(t) 
equal  to Pv ( t )  + (1-p)  V(t) and r e t u r n  t o  s t e p  
( i i ) .  The convergence  parameter, p, is  normally 
a value  in  the  range 0 < p < 1 (Ref. 12).. 

d 

Figure 1. S I S  Mixer Ci rcu i t  
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This  procedure i s  called  the  "voltage  update 
method" because  the mechanism for  approaching  the 
se l f -cons is ten t   so lu t ion   in  a control lable   fashion i s  
the  updating of the  junction  voltage waveform with  each 
i t e r a t i o n   i n   s t e p   ( v i i ) .   T h i s  method converges more 
rap id ly   the   c loser   the   l inear  embedding  impedance is to  
a sho r t   c i r cu i t ,  and i t  may be shown12 t h a t  if w i l l  
always  converge i f   t h e  impedance of t he   l i nea r  
embedding network is smaller  in  magnitude  than  that of 
t h e   n o n l i n e a r   c i r c u i t   a t   a l l  of the harmonic 
frequencies.  This w i l l  be t r u e   f o r  an S I S  mixer whose 
wpRmC<, product i s  larger   than some moderate  value, 
perhaps 0.5. 

There is  some discret ion  in   choosing  the 
convergence  parameter  p,  to  give a reasonable 
compromise between the  speed  of  convergence and the 
p o s s i b i l i t y  of divergence.  In  this work, the  choice of 
p was f ixed   a t   un i ty   s ince   the   use  of an i d e n t i t y  
element  proves  sufficient  to  guarantee  convergence. A 
r e s i s t i v e   i d e n t i t y  element  consists of t he   pa ra l l e l  
combination of a res i s tance  RID and a res i s tance  -RID. 
The ne t   e f f ec t  of the two pa ra l l e l   r e s i s t ances  on the 
c i r c u i t  performance is  zero  since one cancels  the 
e f f e c t  of the  other.  However, i n   t he   l a rge   s igna l  
analysis,  convergence is  improved s ince  the  res is tance 
RID i s  lumped in   pa ra l l e l   w i th   t he   l i nea r  embedding 
network and the   res i s tance  -RID i s  added i n   p a r a l l e l  
with  the  nonl inear   c i rcui t .12 The e f f e c t  of such an 
addi t ion  is  t o  enhance the  voltage  update  properties of 
t h e   c i r c u i t  by increas ing   the   e f fec t ive  impedance of 
the  tunnel  junction and simultaneously  decreasing  the 
input  impedance of the embedding network. From 
experience,   se t t ing RID equal  to 0.5RN has been found 
ef fec t ive .  

Small  Signal  Analysis -- 
The small   s ignal   analysis  is standard and w i l l  

only be summarized here.  In  the  linear  approximation, 
the,only  frequencies which can  produce a response  a t  
the I F  frequency, wo, are  the  following  sideband 
frequencies (we use  here   the  notat ion of Saleh16): 

wn = w o  + nap, n = 0, f l ,  i 2  ,..., +N, (8) 

where the   l a rges t  LO harmonic  considered i s  Nup. A l l  
lower  sideband  frequencies (n < 0) a re   seen   to  be 
negative, a convention which simplifies  the  equations.  
(For any phys ica l   l inear   c i rcu i t ,  Z(-LO) = Z*(,)). 

The small-signal  sideband  currents and vol tages  
a t   t h e  pumped junc t ion   a r e   r e l a t ed  by a (2N+1) x (2N+1) 
admittance  matrix whose elements Ymn are  given i n  Ref. 
1 ,  Eq. (7.5). The matrix I1 Ymn II i s  regarded  as  the 
admittance  matrix of a multifrequency  multiport  network 
(see Ref.  17,  Fig. 2 )  i n  which there  is  one port   for 
every  sideband  frequency.  Following Ref. 1 ,  Eq. (7.2), 
the   requi red   quant i t ies  W O(nw ) are   the  Fourier  
components of U(t)   in  E q .  (3v. Tge embedding  impedance 
and junc t ion   capac i tance   a re .added   in   para l le l   wi th   the  
i n t r i n s i c   j u n c t i o n   r e s u l t i n g   i n  an "augmented network". 
The corresponding augmented admittance  matrix i s  then 
inverted  to   give  the impedance matrix: 

II zmn I/ = II Ymn + [ze(wn)-l + iW,CJI 6,,, 11-1. (9 )  

The conversion  efficiency from the   s igna l   por t   a t  
frequency w 1  t o  the  I F  a t  coo i s  given by: 

and the  (complex)  output  admittance a t   t h e  IF is: 

Noise  Analysis -- 
There  are  three  major  noise  sources known t o  

contr ibute   to   the  noise   temperature  of an SIS mixer: 
( i )   s h o t   n o i s e  due t o   t h e   s t a t i s t i c a l   n a t u r e  of the 
current  f low  across  the  junction,  ( i i)   thermal  noise  if  
the  embedding network is a t  a f ini te   temperature ,  and 
( i i i )  quantum noise  due to  the  Heisenberg  uncertainty 
pr inciple .  The problem of quantum noise  in  tunnel 
junction  mixers,   discussed  in Ref. 9 ,  has  not been 
clear ly   resolved,  and i t  has been ignored  in  the 
program.  General  considerations18  require  that a "high 
gain  l inear  amplifier",   such  as  the  SIS  mixer,  add at 
- l e a s t  a half  photon of f luctuat ion  energy,   referred  to  
i t s  input ,   to  any incoming  signal.  This  results  in a 
minimum noise  temperature Tm = 5w/2k, which is small   a t  
the  frequencies of i n t e r e s t  (2.8 K a t  115 GHz). 

The equiva len t   no ise   c i rcu i t  of the S I S  tunnel 
junction  mixer  contains a thermal  noise  source and a 
shot  noise  source  at  each  sideband. The thermal  noise 
i s  re.presented by a current   generator   a t  each 
frequency, whose magnitude i s  given by Ref. 1, Eq. 
(7.8). The thermal  noise  generators  at   the  various 
sideband  frequencies  are  uncorrelated,  and so the  noise 
powers can be direct ly   converted  to   the I F  and  added to  
g ive   t he   t o t a l  ouput  noise power due to  thermal  noise. 

Shot  noise is also  character ized by a current 
generator  at  each  frequency, whose amplitude is given 
i n  Ref.  1, Eq. (7.10). The various  shot  noise  current 
generators   are  c ~ r r e l a t e d ~ ~ ~ ~ ~  and so t h e i r   e f f e c t s   a t  
the  I F  must be added vec tor ia l ly .  The f i n a l  
contr ibut ion of the  shot  noise  to  the  output  noise of 
the  mixer is given  in  Ref. 1, Eq. (7.13) and Eq. 
(7.16). 

obtained by combining the  thermal and shot  noise 
The to ta l   ou tput   no ise  power of the mixer is 

components. The equivalent  input  noise  temperature TM 

output power to   the  input  of the  mixer, and equating 
of the mixer is then  found by r e f e r r i n g   t h e   t o t a l  

the  power t o  kTMB. 

Typical  Results _ _ _ ~  
A FORTRAN computer program was developed t o  

perform  the  large and small   analysis  described above. 
This  program i s  descr ibed   fu l ly   in  Ref. 14 ,  which w i l l  
be avai lable   short ly .   Several  problems a r i s e   i n  
adapting  the  nonlinear SIS  c i rcu i t   equa t ions  (Eqs. 1 
- 4) for  numerical   solution. The minus i n f i n i t y  lower 
limit i n  Eq. 1 needs  to be replaced by a su i tab ly   l a rge  
negative number. The d i f f e r e n t i a l  d t '  needs t o  be 
replaced by a sui tably  small   in terval  A t .  F ina l ly ,  
p o t e n t i a l   e r r o r s  due to  right-hand s i d e  terms i n  Eq.  1 
being  approximately  equal y e t  opposi te   in   s ign must be 
evaluated. A l l  three problems are   discussed  in  Ref. 
14,  with  suggested  parameter  values which gave  accurate 
solut ions  in   the  cases  we have invest igated.  

The  program has  been  verified  for  the  case of 
large  junction  capacitance by comparison  with  the 
three-frequency  analysis.  In a number  of cases  (not 
r e s t r i c t e d   t o  a large  junction  capacitance),   the  large 
s igna l  waveforms predicted by t h i s  program  were found 
t o  be consistent  with  those  calculated by an 
independently  developed S I S  chaos program. l5 In 
addi t ion,   the  waveforms determined  from  the  voltage 
update method agreed  with  those  from  the  multiple 
ref lect ion  technique.  The CPU time on an AMDAHL V6 
requi red   for   each   fu l l  mixer ana lys i s   ( la rge   s igna l  and' 
small s i g n a l )  is 0.5 min. 
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shown in  Fig.  2 ,  of a  two-junction  Pb-alloy S I S  element 
( fabr ica ted  by  P. Timbie of Princeton  University  at  NBS 
Boulder)  for which RN = 72 51 was assumed t o  be i n   a  
mixer c i rcu i t   wi th   a  113.9 GHz loca l   o sc i l l a to r .  The 
intermediate  frequency was 1.0 MHz and the I F  load 
r e s i s t a n c e  was 50 Sl. In   t h i s  low I F  l imi t   t he   s igna l ,  
image, and LO source  impedances must a l l  be equal, and 
they were chosen  to be  55 + 192 Q (which  includes  CJ), 
the  value which  maximizes the  conversion  efficiency at  
a dc  vol tage  in   the  center  of t h e   f i r s t  photon s t e p   i n  
the  three-frequency  approximation.  This SIS  mixer was 
analyzed  for  a wide range of junction  capacitance.  In 
each  case  the  termination impedance a t   a l l   h i g h e r  
harmonics and sidebands (not including  the LO and i ts  
sidebands) was the  parallel   combination of the  
capaci t ive  reactance and a res i s tance  of 72 51 
( a r b i t r a r i l y  chosen  equal  to RN). 

For  each  value of capacitance  the LO power and 
the  dc  voltage  were  optimized  for maximum conversion on 
t h e   f i r s t  photon  step. The largest   value of mixer 
conversion  gain,  a few dB, was found i n   t h e  limit of 
large  capaci tance,  and agreed  with  the  three-frequency 
approximation. The conversion  gain  decreased  to a 
minimum of about  unity at  an w RNC product of un i ty ,  
but  then  increased  again  for  smafler wpR& values. The 
mixer  noise  temperatures  corresponding  to  these  results 
showed an  even less dramatic  variation  with 
capacitance,  remaining  between 20 and 25 K. The mixer 
output  impedance was nega t ive   a t   a l l   c apac i t ance  
values,   while  the  input impedance was always posi t ive.  
It must be emphasized t h a t  even i f   these   caac lus ions  
a r e   v e r i f i e d   f o r   t h i s   s p e c i f i c  mixer c i rcu i t ,   they  may 
be f a r  from t y p i c a l  and should  not be taken  as  general. 

Conclusions 

A FORTRAN computer program has been developed f o r  
analyzing SIS  mixers  with  arbitrary embedding 
impedances a t   a l l  LO harmonics and sidebands.  This 
program  has  been verified  using  the  three-frequency 
approximation  and  the  multiple  reflection  algorithm. 
For the  specif ic   prel iminary example considered  in   this  
paper,  the optimum mixer  performance is  seen  to  occur 
for  large  or  very  small   values of w ~ R N C J .  Low values 
Of WPRNCJ (roughly 0.3 t o  2.0) l ead   t o  a de te r iora t ion  
i n  mixer  performance. 
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Figure 2. DC I-V Curve of S I S  Device Used i n   t h e  

Example 
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